The designing of metal organic frameworks (MOFs) requires an efficient method to predict its adsorption properties. The conventional method to do this is molecular simulation, which is time consuming. In contrast, classical density functional theory (CDFT) is a much more efficient tool. Recently, CDFT has been successfully applied to MOF adsorptions. In this chapter, we will introduce the development and the different versions of CDFT and show how to apply CDFT to predict fluid adsorption in MOFs. We have reviewed the recent applications of CDFT in MOF adsorption and mainly focused on material screening. According to the recent developments, it seems CDFT is an efficient and robust tool for material screening; how to deal with more complicated fluids is the challenge of current CDFT.
Introduction
Adsorption is one of the essential properties of MOF materials, to give an efficient prediction of which is an important issue in the designing and application of MOFs. The traditional method to do this is molecular simulation, which is time consuming and may not be the best choice in real applications [1] [2] [3] . Take the high-throughput screenings for example, the number of MOFs in a typical screening database is more than 10 5 ; the typical computational time of MC simulation for each MOF is approximately 0.25 CPU hour; this means a screening time cost over 10 3 CPU days, which is a waste of resources. In this case, a more efficient method is needed, and the CDFT seems to be a promising alternative.
CDFT is a thermodynamic-statistical mechanics theory for inhomogeneous fluids. The concept of CDFT originates from quantum density functional theory and was formed in the1970s [4, 5] . During the past 40 years, CDFT has been developed from simple fluids to polymers, from equilibrium to dynamic, from high symmetry modeling systems to real systems, and has revealed itself as an efficient and robust tool in various fields including adsorption, wetting, freezing, solvation, and so on .
The application of CDFT to MOF adsorption was first proposed by Siderius et al. [27] in 2009 and has been advanced by Liu et al. [26] subsequently. Siderius and Liu et al. have demonstrated that CDFT can be used to predict gas adsorption in MOFs. However, the numerical algorithm of these pioneered applications is too simple, which makes the computational cost of CDFT even higher than molecular simulations. Such disadvantage has been solved by Liu and Wu recently by applying the fast Fourier transform (FFT) and conjugate gradient (CG) descent method [31, 33, 35] . Now, the advanced CDFT is faster than conventional simulations by two orders of magnitude and has been successfully applied to high-throughput screening for material design [33] [34] [35] [36] .
In the rest of this chapter, we will introduce the classical density functional theory and show how to implement the theory to MOF adsorptions. The remainder of this chapter is organized as follows: Section 2 will introduce the theoretical framework of CDFT; Section 3 will show how to apply CDFT to MOF adsorption and review recent reports in this field; and finally, Section 4 will summarize and prospect the current and future applications of CDFT on MOF adsorption.
Classical density functional theory

Thermodynamic framework
The central idea of CDFT is to obtain the fluid's microscopic conformation (density profile) by minimizing the grand potential or free energy and obtain the macroscopic information (such as uptake, heat of adsorption, selectivity, etc.) from the density profile. The main task of this procedure is to represent the grand potential as a functional of density profile. According to the definition, grand potential can be written by:
where Ω is the grand potential, F is the free energy, ρ(r) is the density profile and μ is the chemical potential, which can be obtained from the equilibrium condition
where μ b is the chemical potential of the bulk system which is in equilibrium with the inhomogeneous system. In statistical mechanics, the free energy, F, can be obtained from the Hamiltonian of the system. Generally, the Hamiltonian is given by:
where p i is the momenta of molecule i, m is the mass of the molecule, N is the number of molecules, and V is the potential, which can be expanded mathematically:
For fluid (guest) adsorption in a rigid MOF (host), the 0 th order term u (0) represents the hosthost interactions, which is a constant and can be eliminated by defining the zero potential point. The first order term u (1) is the one-body potential representing the host-guest interactions. The second order term represents the guest-guest interactions. By ignoring the high order terms in classical systems, there are three contributions in the Hamiltonian: the kinetic contribution, the host-guest interaction and the guest-guest interaction, corresponding to the three terms in the free energy, the ideal gas free energy F id , the external free energy F ext , and the excess free energy F ex :
For simple fluids, the ideal term and the external term can be exactly derived from the statistical mechanics by:
where k B is the Boltzmann constant, T is the temperature, Λ is the de Broglie wave length and V ext (r) is the external potential, which can be calculated from the direct interaction between host-guest interacting sites:
where r i is the coordinate of the host (MOF) atoms and the host-guest interacting potential u i,guest (r) can be formed by standard force field such as the universal force field (UFF) [37] and Dreiding force field [38] .
In contrast, the exact form of the excess free energy functional F ex ρ(r) is unknown for most systems, and approximations are needed. The detailed expression and discussions of these approximations will be introduced in Section 2.2. Here, we just assume the expression of F ext ρ(r) has already been given, in this case, we can establish the grand potential functional from Eqs. (1), (5)- (7). According to the second law of thermodynamics, the grand potential of an open system should reach its minimum when in equilibrium, which can be mathematically written by:
Substituting Eqs. (1), (5)- (7) in (9), we have:
where β = 1 / (k B T ) . In principle, the density profile ρ(r) can be solved from Eq. (10), and the macroscopic properties can be calculated from ρ(r). For example, the uptake N is given by:
The simplest application of Eq. (10) is the ideal gas system, representing fluids at low density limit. For ideal gas, F ex = 0, Eq. (10) can be simplified as:
Applying Eq. (12) to bulk system, where V ext (r) = 0, we have:
where ρ b is the corresponding bulk density. Substituting Eq. (2) and (13) in (12), we have:
Then, the adsorption isotherm is given by:
As V ext (r) only depends on the host-guest interaction instead of the loading of the guest molecule, Eq. (15) leads to a linear adsorption isotherm, which is true at low density limit. Moreover, the slope of the isotherm is determined by V ext (r), which means the adsorption at low loadings is correlated with the host-guest interaction. This conclusion is also consistent with Snurr et al.'s findings in their high-throughput screening [1, 2] .
Excess free energy functional
Ideal gas system is valid only for low loading systems. For more complicated systems, we need to consider the excess free energy functional. The excess free energy originates from the guestguest correlations, which is much more complicated than the ideal free energy and external free energy. How to approximate the excess free energy is the center of concern in most CDFT. Up to now, various approximations have been proposed and applied, such as fundamental measure theory (FMT), weighted density approximation (WDA), and functional expansion theory.
Local density approximation (LDA)
LDA is the simplest approximation for excess free energy, which is given by an integration of homogeneous fluids:
where f V ex (ρ) is the excess free energy density (per volume) as a function of fluid density for homogeneous systems. The methodology of Eq. (16) comes from the thinking of calculus: the system is first separated into small units, dr; the fluid in each dr is assumed to be homogeneous; the total excess free energy is represented as the summation of each local excess free energy. Due to its simplicity, LDA has been widely used for both classical and quantum systems when the scheme of DFT has been proposed [39] [40] [41] . However, there is an obvious disadvantage of LDA: the correlations between different dr are abandoned. The extensiveness of free energy is invalid for systems at molecular level. Representing the total excess free energy as the summation of each part is an approximation, which is valid only when the fluctuation of ρ(r) is weak, such as vapor-liquid interface. However, for MOF adsorption, the fluctuation of ρ(r) is very strong, as the guest molecules are usually highly localized at the favorable adsorption sites, where ρ(r) approaches the Dirac delta function δ(r − r i ). In this case, LDA is not a proper approximation.
Gradient approximation
Gradient approximation considers the inhomogeneity beyond LDA. One of the widely used forms of gradient approximation is the so-called square-gradient approximation (SGA), which is derived from Ginzburg-Landau theory or Landau expansion [4, 5] :
where
is the direct correlation function. Gradient approximation has been developed into the famous generalized gradient approximation (GGA) in quantum DFT but it is not so successful in CDFT. Although gradient approximation is more advanced than LDA, it is still invalid once the fluctuation of ρ(r)is strong. Besides, Eq. (17) is mathematically more complicated than Eq. (16), which makes the usage of gradient approximation even less than LDA.
Weighted density approximation (WDA)
WDA considers the guest-guest correlations by replacing the local density ρ(r) in Eq. (16) with a weighted density [42, 43] :
where w(r) is the so-called weighting function. By applying the weighted density, the excess free energy is written by: (21) where f N ex (ρ) is the excess free energy density (per molecule) as a function of fluid density for homogeneous systems, which can be obtained (along with f V ex (ρ)) by the corresponding equation of state (EOS). Compared to LDA and gradient approximation, WDA seems much more reliable according to its wide applications for both classical and quantum systems. The introduction of weighted density avoids the singular point of f ex (ρ(r)) when ρ(r) → ∞ and can be used for systems with strong inhomogeneity, such as in MOF adsorption.
In WDA, there are different choices of the weighting function, which correspond to different versions of WDA. The simplest version of w(r) is the Heaviside step function [42] :
where 00 () 10
and σ is the molecular diameter. The advanced version is regarding the w as a function of density profile, w(r − r '; ρ(r)), and solve w(r − r '; ρ(r)) from relevant closures. Typical examples are Curtin-Ashcroft's WDA [44] : 
Denton-Ashcroft's version [47] :
and hybrid WDA (HWDA) [48] .
The sophisticated WDA gives more accurate predictions on one hand but increases the computational cost on the other hand. It seems there is a trade-off between accuracy and computational cost. For MOF adsorption, the computational cost is an important factor and a simple weighting function like Eq. (22) may be more preferred.
Mean field approximation (MFA)
According to statistical mechanics, the excess free energy can be exactly written by:
òò r r rr r r r r (29) where g(r, r ') is the radial distribution function (RDF) for inhomogeneous fluids, and u(r, r ') is the two-body interacting potential. Different from that of homogeneous system, the RDF for inhomogeneous fluids is a 6-dimensional function, which is difficult to obtain. The simplest approximation is to let ( , ') 1 g = rr (30) which leads to the so-called MFA:
òò r r r r rr (31) Although Eq. (30) seems to be a coarse approximation, MFA is still successful in various real applications. Due to its efficiency, MFA seems to be a potential method for MOF adsorption [49] [50] [51] .
Functional expansion
Functional expansion theory expands the excess free energy functional with respect to the bulk system as a Taylor series:
where F b ex and μ b ex are the excess free energy and excess chemical potential for the bulk system, respectively; Δρ(r) = ρ(r) − ρ b is the deviation of density with respect to its bulk value. A common treatment of Eq. (32) is to truncate the series at the second order, which is the so-called square functional expansion (SFE). An intuitive understanding of SFE is that Δρ(r)should be small, otherwise the high-order terms should be considered. However, in real application, it seems the second-order truncation is valid even though Δρ(r)is so large [32, 52] . 33) where σ is the hard sphere diameter. According to the decomposing of Heaviside function, FMT represents the excess free energy by [9, 13] :
Fundamental measure theory (FMT)
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where n α are weighted density:
(1) 
FMT excellently captures the properties for hard sphere system with low computational costs and is the most favorable theory for hard sphere fluids in CDFT [19, 28, 35, 53] .
Hybrid method
In real application, it is more common to apply two or more approximations for one system. Generally, molecule-molecule interactions can be decoupled into different contributions such as repulsive interactions, attractive interactions, and electrostatic interactions, which have different effects on fluids' properties. In this case, to separate the excess free energy into different terms corresponding to the different interactions and applying different approximations for each term seems more efficient than a single approximation.
For spherical molecules such as CH 4 
Applying CDFT to MOF adsorption
Although the framework of CDFT has been established for a long time, its application to MOF adsorption had not been reported until 2009. Table 1 lists current reports of applying CDFT on MOF adsorption. There is an obvious transition of these reports from 2010 to 2013, where the time cost decreases from 10 days to less than 1 minute. As will be introduced later, this is the benefit of acceleration method. Later in this section, we will introduce the typical studies listed in this 
Initial application
The first report of the application is done by Siderius et al. [27] . Siderius et al. have employed Tarazona's WDA and MFA to construct the hard sphere and attractive free energy functional, and applied the theory to H 2 adsorption in MOF-5 (Figure 1(a) ). Siderius et al.'s CDFT predictions accord with simulations and experiments very well at room temperature, but lower the estimated uptake in low temperature region (Figure 1) . 
Acceleration method
Siderius et al. and Liu et al.'s work have demonstrated that CDFT can be used to predict gas adsorption in MOFs, however, there is a fatal flaw in these initial studies: the computational cost is too high. Before the application to MOF adsorption, CDFT mainly focuses on simple geometric systems such as slit pores and cylindrical pores, where the computation is very efficient. However, when applying to 3-dimensional structured systems such as MOFs, the computational cost is unacceptable if an ordinary numerical treatment is employed. In principle, the accuracy of CDFT cannot exceed simulations; once the computational cost of CDFT is higher than simulation, CDFT will be useless in an application view.
Fortunately, CDFT can be accelerated. The most time consuming part of CDFT is the 3-dimensional integration such as Eqs. (19) and (36) . These integrations can be simplified into 1-dimensional integration for slit and cylindrical pores but not for MOFs. However, as most of these integration are convolutions, which takes the form of:
By using the Fourier transform on both sides of Eq. (42), the convolution can be transformed into:
where ℱ and ℱ −1 stand for the forward and backward Fourier transform, respectively. By applying the fast Fourier transform (FFT) algorithm, the complexity of Eq. (43) is in order of nlog 2 n, where n is the number of the discrete sites of the system. In contrast, the complexity of Eq. (42) is in order of n 2 . For MOF adsorption, a typical value of n is 50 3 = 125,000, which means applying Eq. (43) will accelerate the computation by more than 5 orders of magnitude. By applying FFT, the typical time cost for MOF adsorption is about 10-20 seconds, which is faster than state-of-the-art simulations by orders of magnitudes.
The introduction of FFT is a revolutionary advance in 3D-CDFT and makes 3D-CDFT much faster than simulations. With FFT, CDFT becomes a competitive method in predicting MOF adsorptions.
High-throughput calculation
One of the significant applications of the accelerated CDFT is material screening. Due to the various metal clusters, organic linkers, and 3-dimensional structures, there are billions of MOFs in principle. How to identify the best MOF in such a large database is an essential issue in material design. The traditional method to do this is the molecular simulation. Snurr et al. [1] have performed MC simulation of methane adsorption in 137,953 hypothetical MOFs and have screened out 300 MOFs which have higher methane capacity than any real MOFs. Based on the screening, Snurr et al. have synthesized a high-performance methane storage material, NOTT-107. Snurr et al.'s work has demonstrated the feasibility of high-throughput screening. However, Snurr et al.'s MC simulation is computationally expensive, which may not be the best method for high-throughput calculation. As mentioned above, as the accelerated CDFT is faster than MC simulation by two orders of magnitudes, CDFT seems to be a better choice. Applying CDFT to high-throughput screening has been reported very recently by Liu and Wu et al. [33] [34] [35] [36] . First, Liu and Wu et al. [33] have predicted H 2 adsorption in 1200 MOFs by CDFT. As shown in Figure 3 , five versions of CDFT have been tested. In Figure 3(a),(b) , and (e), the excess free energy is given by Eq. MFA, and WDA, respectively; the "MBWR" and "FMSA" in the brackets mean the correlation free energy density used in WDA that is calculated by MBWR EOS and FMSA (first-order mean sphere approximation) EOS [56] , respectively. In Figure 3(c) and (d CDFT has then been applied to screen out hydrogen storage materials for different conditions. By using CDFT, Liu et al. [35] have predicted H 2 adsorption in 712 MOFs under 441 different conditions. The whole computation (712 × 441 = 313,992 cases in total) only takes approximately 1500 CPU hours.
As shown in Figure 5 , Liu et al. have predicted the highest uptake of the 712 MOFs at temperature 77-373 K, pressure 0.01-100 atm. On one hand, the uptake of the MOFs at low temperature is striking: At 77 K 100 atm, the highest uptake is approximately 37 mol/L, exceeding the density of liquid hydrogen; even at low pressure, 77 K 0.01 atm, the highest uptake approaches 13 mol/L, which is higher than many real MOFs at high pressures. On the other hand, the uptake at high temperature is not so satisfactory; most uptakes are lower than 5 mol/L. It appears that hydrogen storage at high temperature is still a big problem which is difficult to be solved by MOFs.
Based on Liu et al.'s screening, a set of promising MOFs have been identified. Figure 6 shows the three promising MOFs and their adsorption isotherm for hydrogen storage at high, medium and low loadings, respectively. It seems narrower pore is more preferred for high temperatures in contrast to low temperatures. Besides hydrogen storage, CDFT has also been extended to other screenings such as methane storage [36] and desulfurization [34] . Again, CDFT has revealed itself as a more efficient method than simulations in these high-throughput calculations.
Entropy scaling
Besides the density profile and uptake, CDFT could also predict other important properties of MOF adsorption, such as entropy and even self-diffusivity.
To generate entropy from CDFT is straightforward as the free energy functional is given explicitly in CDFT. Entropy can be obtained by a simple derivative:
One of the most important usage of entropy is the entropy scaling rule, which was proposed by Rosenfeld in 1977 [57] and explained by Dzugutov in 1996 [58] . The entropy scaling rule correlates excess entropy and self-diffusivity by a universal equation:
where D * is the dimensionless self-diffusivity, s ex* is the dimensionless excess entropy, A and B are universal constants that are independent of external conditions and molecular models. Eq. (45) had been first introduced for homogeneous fluids; however, Truskett et al. [59] [60] [61] have shown that the correlations between entropy and diffusivity also exist in inhomogeneous fluids. Recently, Liu et al. [31] have applied entropy scaling rule together with CDFT, MD simulation, and mean free volume theory to predict the self-diffusivity of MOFs: 
where D s is the self-diffusivity of fluids in MOFs, D K is the Knudsen diffusivity, which can be calculated by one MD simulation, D E is the diffusivity calculated from entropy scaling rule and CDFT, i.e., Eq. (45), V free is the free volume and α is the mixing parameter, which can be determined from face center cubic (FCC) approximation or empirical method. Liu et al. have applied Eq. (46) to predict the self-diffusivity of fluids in MOFs. Figure 7 shows the comparison between Eq. (46) and pure MD simulations. It seems combining CDFT and entropy scaling rule could capture the essentials of the diffusion curve, and Eq. (46) may accelerate the prediction of self-diffusivities. 
Conclusion and prospect
We have introduced the theoretical framework of CDFT and reviewed the applications of using CDFT to predict fluid adsorption in MOFs. Although the framework of CDFT had been proposed 40 years ago, its application on real system such as MOF adsorption is still a new frontier. The applications of CDFT on MOF adsorption are reported in the past 6-7 years and mainly come from a few research groups. However, CDFT has been successfully applied to gas adsorption/diffusion in nanoporous materials and high-throughput screening of MOFs. In these applications, the FFT seems to be the key which makes CDFT more efficient than conventional simulations. One reason for the relatively fewer applications of CDFT is the lack of CDFT software in the current stage. Developing a usable CDFT software would extend the application of CDFT.
Besides the advantages, the challenge of current CDFT is how to deal with polar molecules which may not be coarse grained into a spherical model such as H 2 O. It is well known that the hydrogen bonding network instead of spherical Van der Waals interaction is the dominating factor of such polar systems. For non-spherical molecule, the difficulty is how to construct an accurate excess free energy functional which can be accelerated by numerical method such as Eq. (43) . For example, in MFA, Eq. (31), the molecule-molecule interaction u(R 1 , R 2 )is a multidimensional function which cannot be simplified into a one-dimensional function u(r); in functional expansion theory, the high-order terms (so-called bridge functional) give an important contribution, which often cannot be accelerated by FFT. If such problems are solved, CDFT will be a perfect substitute for MC simulation.
